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In this paper, we report on a new and in some senses nontraditional way to apply Green’s matrices to a 
numerical solution of boundary value problems for partial diSferentia1 equations. We attempt to demonstrate 
the computational eflectiveness of a semianalytical formulation for solution of external boundary value 
problems, modelling the contact phenomenon by a two-dimensional theory of elasticity. Linear and nonlinear 
statements that relate to problems with given and unknown zones of contact, respectively, have been 
successfully treated by means of the proposed approach. Effective compact representations of the Green’s 
matrices needed for this type of mathematical modelling have been obtained herein by using the technique 
previously developed by the authors. The paper will review a limited number of validation examples. 
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Introduction 
Concentrating on a consequence of the present study as 
well as explaining the principal purpose of it, we 
emphasize an extremely important role that Green’s 
matrices play in the theory of boundary value problems 
for partial differential equations and systems. Analyzing 
a bibliography on the subject matter, one realizes that 
this tool is especially helpful when applied to equations 
of the elliptic type. It should also be pointed out that 
while a certain Green’s function or matrix is successfully 
constructed and its explicit analytic expression is 
available in a compact form, it might be readily used for 
various purposes of computing as well. In our papersre9 
over the last fifteen years, we have repeatedly 
demonstrated the point mentioned above. These papers 
touch upon linear as well as nonlinear boundary value 
problems for partial differential equations modelling the 
steady-state heat conduction, elastic and elasto-plastic 
torsion, the plane problem in theory of elasticity, linear 
and geometrically nonlinear theory of plates and shells, 
contact mechanics with fixed and unknown zones of 
contact, and two-dimensional optimal shape design in 
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the theory of elasticity. In particular it was shown that 
there exist certain phases in numerical algorithms of 
the well-known boundary integral equations method 
(BIEM) or boundary element method (BEM) that can 
employ corresponding properties of Green’s functions or 
matrices to achieve a remarkable increase in efficiency 
over the original computational procedures. 
Traditional methods developed so far (see, for instance, 
Refs. 10-12) for the construction of Green’s functions 
include such approaches as the conformal mapping 
technique, reflection (image) procedure, and classical 
Fourier expansion method as well as the method of an 
approximate evaluation of the regular term in the 
Green’s function to be determined. A successful use of 
each of those is unfortunately limited to a certain more 
or less specific class of problems. Therefore a process of 
constructing the Green’s function or matrix in practice 
is not in fact a trivial exercise even if the problem to be 
considered has a simple statement. Indeed, it can be 
constructed in closed form for only a few standard 
particular formulations that are well-known to everyone 
involved in this area of research. 
An intensive computational use of Green’s functions 
and matrices for mathematical modelling in engineering 
and science has been limited because of a lack of their 
appropriate representations in literature. Trying to fill 
this unfortunate gap in literature, we advocated and 
developed3*13-1s a new technique created to construct 
Green’s functions and matrices for equations of the 
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elliptic type. This appeared to be especially useful for 
various boundary value problems in applied mechanics. 
In fact, the Green’s matrix for Lame’s system of the plane 
problem in the theory of elasticity employed in the 
present study has also been obtained by the technique 
mentioned. 
To compute solutions for external boundary value 
problems with the two-dimensional theory of elasticity 
in terms of the potential method,“j it is necessary to take 
into account the fact that Somigliana’s tensor (represent- 
ing, as is known, the fundamental solution to the 
two-dimensional Lame’s system of partial differential 
equations modelling the displacement formulation of the 
plane problem with the theory of elasticity) does not 
actually provide a corresponding decrease of the 
displacement vector as the observation point tends to 
infinity. That is why the classical single- or double-layer 
elasto-potentialsi are not appropriate for treating 
external two-dimensional problems in the theory of 
elasticity. There are, however, a couple of traditional 
techniques proposed so far to eliminate the disadvantage 
mentioned. We present here one more approach of this 
sort using an absolutely different idea that deals with a 
nontraditional (modified) potential representation whose 
kernels are expressed in terms of the corresponding 
Green’s matrices. An asymptotic behavior of those 
matrices is closely related to the physical nature of the 
phenomenon under consideration. Therefore, modified 
potentials perfectly serve the external problems of the 
two-dimensional theory of elasticity. 
Local forces in an elastic plane containing rigid 
inclusions. Mathematical modelling. Green’s 
matrix formulation 
To describe the approach to be developed within the 
present study, let us start with one of the simplest 
formulations to be discussed here. Namely, we will 
consider the mathematical model for an equilibrium state 
of an elastic isotropic homogeneous plane that contains 
a rigid inclusion having a rather smooth contour. In 
addition, assume that the exterior of the inclusion is 
loaded with a set of the concentrated body forces whose 
points of location are comparably close to a contour of 
the inclusion. Also assume a perfect mechanical contact 
between the inclusion and the elastic plane. Suppose that 
the problem to be considered possesses a symmetry 
about the vertical and horizontal Cartesian coordinate 
axes. The displacement vector U = U(r, cp) of the exterior 
of the inclusion is supposed to be bounded as (r, cp) tends 
to infinitv. We formulate now the boundarv value 
problem ‘below, hereafter referred 
problem” 
Y(dldr, dl%)CU(r, 41 = W, cp; 
aU(r, O)/aq = dU(r, Z/2)/+ = 0 
U(Q cp) < 00 
U(r, cp) = 0, (r, cp) E I- 
to as thk “first 
PO, *01, 
(r, 4$Ea (1) 
(2) 
(3) 
(4) 
l- 
-----------_--__ 
1 
0 
Figure 1. The quarter R of an elastic plane with an inclusion (the 
first problem). 
for the quarter Q{O 5 r < co, 0 I cp < n/2} of the plane 
(see Figure I). prip represents Lame’s operator of the plane 
problem in the theory of elasticity written in polar 
coordinates and r is a smooth curve (contour of the 
inclusion). It should be emphasized that a form of the 
boundary condition in equation (4) must be directly 
related to the symmetry of the problem. The right-hand 
term in equation (1) written as 
P(r, cp; PO, Ii/o) = PO. &r - po). 4cp - +o) ( 1 rrtto 0 
” (5) 
is the vector function that models a local body force of 
the magnitude PO concentrated at the point (po, $o) in 
the direction specified by to, with 6 being the Dirac delta 
function. Any finite set of the local body forces can be 
accounted for by a superposition of the single cases if 
their combined action does not result in either physical 
or geometrical nonlinearities. 
In compliance ‘with our approach (whose detailed 
description is available for instance in Refs. 3, 13-19, 
one can readily obtain an analytic representation of the 
Green’s matrix 
G(r, CP; P, v+) = (Gijr, CP; P, ti))i,j=1,2 (6) 
for the homogeneous boundary value problem corre- 
sponding to that in equations (l)-(3). The entries 
Gi,{r, cp; p, II/) in this matrix may be specified in the form 
Gl 1 = 1/2n. [q/V + 7’dr, v; P, $1 + ?(r, cp; P, - $)I 
G12 = l/271. CT2(r, cp; P, -$I - T,(r, cp; P, $)I 
G2, = 1/2x. CT3(r, cp; P, $1 + Wr, cp; P, - $11 
G2, = l/271. CT&, cp; P, -9) + T4(r, cp; P, $11 
Here 
Ti(r, cp; P, $) = Csl 1 + Y/W. 141 - &C + q2)1 
. C + ccq/8fl[ 1 - q2 + 2C. (q - C)] 
/(I - 2qC + q2) 
Tz(r, cp; P, ICI) = Cg12 + y/8B.W - 2qC + c?)l 
. S + 1x/48 f sign(r - p) . qS(q - C)] 
/(I - 2qC + q2) 
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T3(r, cp; P, $I= Cg21 +Y/W. 141 - 26 + q2)1 
. S + u/4p. sign@ - p) . qS(q - C)] 
/(I - 2qC + q2) 
(7) satisfies the governing system (1) of partial differential 
equations and, moreover, it satisfies the boundary 
conditions in equations (2) and (3) whereas the contour 
integral in equation (7) satisfies the homogeneous system 
of partial differential equations corresponding to that in 
equation (1). The contour integral provides also a 
complete satisfaction of the boundary conditions in 
equations (2) and (3). Hence, the representation in 
equation (7) completely satisfies relationships (1 j(3). To 
treat the remaining boundary conditions specified in 
equation (4), it is convenient to first evaluate the body 
integral above. Keeping this in mind, let us substitute an 
expression for vector P from equation (5) into that 
integral, yielding 
T4h cp; P, $1 = Cg22 +Y/W. W - W + q2)1 
. C + txq/Sp[ 1 - q2 + 2C. (q - C)] 
/(I - 2qC + q2) 
where we have used notations as follows 
i 
plr, 0 -=c P I r, 
4= 
dP7 rlp<co, 
-y/4jI.lnq, 
i ? 
0 < p I r 
911= o 
rlp<oo 
i 
- l/48. (y lnq + c(), 0 < p I r, 
912 = 
0, rlp<co, 
i 
1/4b.(ylnq-a), O<p<r 
g21 = 
0, r<p<oo 
i 
- l/4/?. lnq, 0 < p I r, 
922 = 
0, rlp<oo, 
sign(r - p) = 
i 
1, r2p 
-1, r<p 
C = cos 2((p + $), S = sin 2((p + $) 
a=l+p,/?=l-p,y=3-p 
In the expressions above, the parameter p denotes the 
Lame’s coefficient (the shear modulus) of the material of 
which the plane is composed. 
The solution of the boundary value problem described 
by equations (lH4) can be written in the form of an 
integral representation 
I-J@, cp) = G(r, cp; P, ti). VP, $; po, tie) dfl(p, $1 
+ r G(r, cp; P, II/). WP, II/) WP, ICI), 
Jr 
(r, cp)ER (7) 
containing the so-called body integral (the first term) and 
the boundary integral. Both involve the Green’s matrix 
G(r, cp; p, $) whose entries have been specified in 
equation (6). Because it is the kernel in both of the 
integrals, the Green’s matrix provides a very deep 
relation of the representation in equation (7) to Lame’s 
operator in equation (1). This property is extremely 
important from a computing viewpoint. Components 
pl(p, $) and p2(p, $) of the vector function M(p, $) are 
arbitrary functions integrable on I whose evaluation 
may be readily accomplished while satisfying the 
boundary condition in equation (4). The numerical 
procedure will be discussed later. 
Algorithm of solution 
One can easily see that in association with the basic 
properties of the Green’s matrix G(r, cp; p, $), the first 
term (body integral) in the right-hand side of equation 
PO 
G,,(r, 40; P, $1 
G2,(r, cp; P, $) > 
. S(P - PO). w - $0). ;rtto WP, $) ( > 0 
Taking advantage of the well-known integral prop- 
erties of the Dirac delta function, one readily simplifies 
the above expression resulting in an explicit representa- 
tion for the body integral of the following final form 
p . Gll(r, vi po, tie) 
( 
G12(r, cp; po, $o) . cost, 
’ G2kt w po, tie) G,,(r, cp; po, tie) I( > ’ sin to 
(8) 
This form is very convenient for the evaluation that 
follows. 
We are now in a position to take advantage of the 
boundary condition in equation (4). As soon as Green’s 
matrix G(r, cp; p, $) and Somigliana’s tensor both possess 
the same logarithmic type of singularity,16 the contour 
integral in (7) behaves exactly like the single layer 
elasto-potential’6 as point (r, cp) tends to (p, $)E I-. 
Therefore, taking the point (r, cp) in the representation in 
equation (7) to the contour I, one readily achieves the 
following system of integral equations of the first kind 
s G(r, cp; P, ICI)M@, $1 dr(p, $1 r 
= - G*(r, Y; pay $o), (r, de r (9) 
in the components pl(p, I/) and p2(p, $) of the vector 
function M(p, tj). The right-hand side - G*(r, 40; po, tie) 
is a vector whose direction is opposite that of the vector 
in equation (8). 
Because a kernel matrix of the system in equation (9) 
possesses a weak (logarithmic) type of singularity, the 
computing procedure providing its solution might be 
readily constructed on the basis of the so-called natural 
regularization technique.’ 8 This technique is rooted in 
the traditional method of quadrature formulas with an 
approximate analytic treatment of the singular integrals 
over the “diagonal” segments of the uniform contour 
discretization. In a procedure of this sort, a length h of 
the elementary segment might be considered a 
regularization parameter. To briefly review the routine 
mentioned, let a parametric form of the equation of 
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contour I be given by r- ----__---_-----_-__ 1 
r = r(t), q = q(t); p = r(z), I(/ = q(z), 0 5 t, 7 I n/2 
Partitioning the contour I into m equal segments, we 
approximate the system of integral equations in (9) with 
a system of linear algebraic equations of the form 
‘c Bij.Zi = Qi, i = 1, 2, . . ..2m (10) 
j=t 
in the approximate values Zj (j = 1,2,. . ,2m) of the 
components ,ui and pL2 in M being prescribed at the 
midpoints of the elementary segments in the discretiza- 
tion. Here we use the notations as follows 
z. = Pl(r(Tjh dTj))> j = 1,2,...,m 
J 
/12(r(Tjpm), Cp(Zj_,)), j = m + 1,m + 2,. ., 2m 
Qi = 
- G*(ri, (Pi; ~0, $0) i= 1,2, . . . , m 
-G*(ri,~;;Po~$o), i=m+l,m+2, . . . . 2m 
In the computing procedure being used in the 
present study, the nondiagonal entries B,,, (i # j) in the 
coefficient matrix of the linear algebraic system in 
equation (10) are being successfully approximated by the 
simplest variant of the trapezoidal rule based on the 
equally spaced segments mentioned before. While 
computing values of the diagonal entries & in that 
matrix, it is necessary to evaluate the improper integrals 
given by 
s 
Vi 
Ii = lnC1 - exP(--lri - PI)1 dP 
*,-h/Z 
whose convergence is obvious. In the present paper, 
an evaluation of the above integral is being carried out 
by an approximation of the argument in the logarithmic 
function with linear terms in its Taylor series expansion 
about point ri. This idea being ultimately realized allows 
one to obtain approximate analytical values of Ii. Such 
an approach does actually provide an effect of the 
so-called self-regularization while solving the system of 
integral equations in (9). The last statement has been 
formulated, discussed in detail, and in a certain sense 
proven in Ref. 18. 
It is obvious that as soon as a solution to the system 
of linear algebraic equations in (10) is successfully 
computed, one can readily evaluate the displacement 
vector U(r, cp) in the exterior of the inclusion using the 
potential representation in equation (7). From the 
discussion above, it appears also that it is not difficult 
to compute any practical characteristic of the stress- 
strain state in the exterior of the inclusion. In the last 
section of this paper, several numerical examples on the 
subject matter are discussed. 
Local forces in an elastic plane with a hole 
Let us consider another mathematical model. Namely, 
assume now that an elastic homogeneous and isotropic 
plane loaded with a set of local body forces has an 
arbitrary hole with a smooth contour I (the “second 
problem”). Suppose also that the contour of the hole is 
unloaded resulting in the boundary conditions of a free 
1 P 
L- ---- 
I 
I 
L____________________l 
Figure 2. Elastic plane with a hole (the second problem). 
edge 
gnlr = 0, rnslr = 0 (11) 
where cn and t,, are components in the stress tensor with 
rr and s being normal and tangential directions to I (see 
the right fragment in Figure 2). As occurred in the first 
problem, discussed in the previous section, assume again 
that the problem to be considered is geometrically and 
physically symmetric about the Cartesian coordinate 
axes. 
Let us express the solution of the boundary value 
problem modelled by equations (lH3), (11) again with 
the integral representation given by equation (7). As we 
have already discussed in the previous section, the 
relationships in equations (lH3) are satisfied by that 
representation. Although the boundary conditions in 
equation (11) have been satisfied, we must take into 
account the logarithmic behavior of the diagonal entries 
in the Green’s matrix that causes a discontinuity of the 
same type that the classical harmonic logarithmic single 
layer potential” provides while the observation point 
(r, cp) approaches the contour I of the hole. Hence, 
satisfaction of the boundary conditions of a free edge (11) 
by the potential representation in equation (7) results in 
the system of Fredholm integral equations of the second 
kind as follows: 
E/U - v’) s C@Gll/ar + Vlr~G211acp + vlrGllh r 
+ W12Pr + vlraG,,lacp +vlrG12M dr(p, $1 
+ (d4/3C&, - YI~PG - 1/2G)k(r, cp) 
+ LY/4vc& - W + 2vB)/4BvG$J~L,(r~ 4Q) 
= c (~G, k, Cp; Pk? IC/k)/ar + v’r~G,,(r~ Cp; Pk? $k)ia(P 
: vlrGll(r, vo; Pk, Il/k)X 
E/2(1 + 4 
s 
C(~/~~~W~~ + aG,,/ar - G211r)~l 
+ (w42/~~ + aG22Pr - G22/r)~21 a3 II/) 
+ WBC - WGL,hh(r, cp) + (~aI4vPC,,C,, 
- (2 - 3v)/4vC& - 1/2C&Mr, cp) 
=T(l/r’ aGldr2 %Pk, rl/k)iawG21(r, %Pk, $k)/ar 
- l/f-. G2dr, vi Pk? $k)) (12) 
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in the components p, and pL2 in the vector function 
M(r, cp), that is the density of the curvilinear integral 
(potential) in equation (7). Constants C,, and C,, denote 
the directional cosines of the exterior normal to the 
contour r of the hole, while (pk, Ic/& are coordinates of 
the points in the outside of the hole, to which the body 
forces are applied. 
In the last section of the paper, a series of numerical 
examples are presented touching upon, in particular, the 
problem just discussed. A discrete analogue of the above 
system in (12) of regular integral equations is achieved 
there with the same approximate approach that has 
already been described while discussing an algorithm for 
the first problem. 
Mixed nonlinear boundary value problems for the 
rigid inclusion 
We concentrate now on the last and the most 
complicated mathematical model in the present study. 
Namely, we are going to describe an approach to solve 
a mixed boundary value problem with different types of 
boundary conditions prescribed over different portions 
on the contour of the domain. Moreover, the locations 
of the points separating the contour into those portions 
are supposed to be unknown in advance. Such statements 
are known in contact mechanics as problems with 
unknown zones of contact. Let us consider an 
equilibrium state of an elastic plane containing a circular 
rigid inclusion and loaded with a couple of equal 
oppositely directed local body forces (Figure 3). Such a 
statement implies a symmetry about Cartesian co- 
ordinate axes (the third problem). Assume a frictionless 
contact between the plane and the inclusion. Suppose in 
addition that in response to an action of the body forces, 
the plane could detach from the inclusion. This results 
in the following set of boundary conditions 
involving the unknown parameter q*. It is obvious that 
the value of q* (we will call it the “angle of an opening”) 
in the above formulation cannot be obtained before the 
problem is solved. It should be determined simultan- 
eously with all other characteristics of a stress-strain 
r---- ----___------- 
I --I 
I _L, 
I G’R, 
I 
I 
Figure 3. Elastic plane containing the rigid circular inclusion (the 
third problem). 
state in the exterior of the inclusion while solving the 
boundary value problem in equations (l)-(3) and (13). 
Therefore, the third problem should be treated as a 
nonlinear formulation that unfortunately promises to be 
a time-consuming one. One of the most natural ways to 
evaluate its solution is, perhaps, an appropriate iterative 
process converging to its exact solution. 
In Ref. 17, for instance, one can find a detailed 
investigation touching upon a solution of the mixed 
boundary value problems of the type under our 
consideration in two-dimensional theory of elasticity. It 
should also be emphasized that differential and integral 
properties of the solutions of such problems, and their 
behavior in the vicinity of the contour points related to 
cp*, are studied in that paper as well. In compliance 
with that study, the solution to the problem to be 
considered here possesses at least continuous the second- 
order partial derivatives everywhere in 0 except for 
the points associated with the value of (p* on the con- 
tour r. 
To arrange an attack on the nonlinear boundary value 
problem in equations (l)-(3) and (13) it is convenient to 
follow two steps. First, fixing the value of ‘p* in the 
boundary conditions in equations (13), and getting 
therefore a linear formulation, we can apply to the 
problem a simple combination of those techniques 
already discussed in the previous sections. Accomplish- 
ing the second step, we then take advantage of the 
continuity of the component B, in the stress tensor at the 
point associated with the parameter ‘p* written in the 
form 
g,(r, cp*,)lr - gr(r, @)lr = 0 (14) 
It is possible to determine eventually the needed value 
of (p* by iterating the linear problem appearing in the 
first step. 
As is shown in Refs. 17 and 19 and verified by 
particular examples in our present study, the normal 
stresses a,(R, cp) on the contour r as a function of one 
variable cp change its sign while passing through the 
point q = q* in a case when the previously prescribed 
value of ‘p* does not coincide with its exact value. This 
appears to be a point of great practical importance when 
finding the value ‘p* of the angle of an opening in the 
iteration process mentioned. 
Results and discussion 
While considering several particular examples of the 
kinds described above (the first, second, and third 
problems), in this section we demonstrate the computa- 
tional effectiveness of the proposed approach. Figure 4 
shows components CJ,,(R, cp) (curve I) and zns(R, cp) (curve 
II) in the stress tensor occurring on a contour of the 
circular rigid inclusion of radius R (first problem). An 
exterior of the inclusion is loaded with two oppositely 
directed body forces concentrated at points A, and A, 
with coordinates (2R, 0) and (2R, n), respectively. Note 
that the maximal values of the normal stresses a,(R, cp), 
as is expected, take place at contour points B1 and B, 
located on a line connecting points A, and A,, while at 
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r__--__---_-~ 
I&_ ! i 
1 A, 
.A I 
A2 , 
L_____--__-- 1 I 
I I I 1 I -20 L 
0 0.1 0.2 0.3 0.47? Y 
Figure 4. A state of stresses in an exterior of the circular and 
elliptical rigid inclusions (the first problem). 
points C, and C, (cp = + 7r/2) on the contour values of 
rr,(R, cp) equal approximately 12% of the maximal value 
mentioned. It should also be emphasized that at the 
points associated with values cp z f 7114 and cp z 
f 3rc/4, the normal stress changes its sign. The maximal 
value of the shear stresses r,,(~) approximately equals 
22% of the maximal value of the normal stresses. 
Figure 4 shows also the normal a,,(q) (curve III) and 
shear r,,(cp) (curve IV) stresses occurring on a contour of 
the elliptic inclusion whose horizontal semi-axis equals 
R while the vertical semi-axis equals 0.6 R (the first 
problem). In the case of the elliptic inclusion, the 
behavior of both of those components in the stress tensor 
is almost the same as in a previous case dealing with the 
circular shape of an inclusion, except for the maximal 
values of the normal stresses c,,, which are about 35% 
higher than the corresponding values for the circular 
inclusion. One can readily explain this peculiarity of the 
state of stresses by the influence of a high level of 
curvature of the elliptic contour in the vicinities of points 
D, and D,. 
The left fragment in Figure 2 shows a deformed shape 
of the contour of the circular hole of radius R (the second 
problem) when the exterior is loaded with the two 
oppositely directed body forces located at the points 
(2R, 0) and (2R, n). In the discussion that follows, we will 
demonstrate and analyze more details of the stress state 
in this problem. 
A character of the displacement vector on the contour 
I in a case of the third problem is shown in the right 
fragment of Figure 5. The same set of the body forces as 
in the previous example is applied here. One rather 
specific conclusion comes from our computations. 
l- ~~~-_----_~~-----_-- 
1 
I 
I 
1 
Figure 5. Elastic plane coming off the circular rigid inclusion (the 
third problem). 
Namely, the distance 2d between the two points, in which 
the body forces are applied, has no influence on a 
position of the point associated with (p* (it appears from 
our calculations that a value of the angle ‘p* of an 
opening approximately equals 32 “) at least for the range 
1.5R I d I 3R, which has been analyzed. A distribution 
of the normal stresses g,, occurring on the contour I is 
exhibited in the left fragment of Figure 5. In particular 
it should be pointed out that a level of the normal stresses 
for cp = 7c/2 is essentially lower than those occurring in 
the first problem. 
Distributions of the normal stresses o,(r) along the line 
cp = 0 for the circle of radius R are shown in Figure 6 
for all of the three types of problems under consideration 
with the two oppositely directed body forces applied to 
the points (2R, 0) and (2R, n). The Roman numbers 
labeling the curve indicate the number of the problem. 
Here one can also find distributions of the normal 
stresses along the line q = 7r/2. They are compressive in 
the case of the first problem while the two other problems 
lead to expansive stresses along this line. Compare also 
the maximal values of o,(r, 7r/2). In the first problem this 
maximal value occurs at the contact point r = R whereas 
in the second and third problems they occur inside of 
the body, being almost twice as high as in the first 
problem. 
I 
I 
1 
I 
- I c 
Figure 6. Distribution of the normal stresses CT, in an exterior of 
the circle (the first, second, and third problems). 
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Conclusion 
A new approach based on a usage of Green’s matrices 
has been proposed to attack nonlinear external 
boundary value problems in contact mechanics. This 
paper discusses a further extension of a new class of 
problems of the authors’ earlier results (mostly published 
in Russian). A class of effective applications of the 
proposed technique is restricted to a variety of problems 
for which one can construct an appropriate representa- 
tion of the needed Green’s matrix. However, as soon as 
such a representation is available, the technique becomes 
extremely powerful. Other kinds of two-dimensional 
external problems different from those treated in the 
present paper by shapes of inclusions, forms of boundary 
conditions, types of body loadings, and so on could be 
solved in terms of the proposed approach. Only minimal 
adaptation of the computational algorithm is necessary 
for changes in the statement of the problem. 
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